The influence of the loading path on the failure locus of a composite lamina subjected to transverse compression and out-of-plane shear is analyzed through computational micromechanics. This is carried out using the finite element simulation of a representative volume element of the micro structure, which takes into account explicitly fiber and matrix spatial distribution within the lamina. In addition, the actual failure mechanisms (plastic deformation of the matrix and interface decohesion) are included in the simulations through the corresponding constitutive models. Two different interface strength values were chosen to explore the limiting cases of composites with strong or weak interfaces. It was found that failure locus was independent of the loading path for the three cases analyzed (pseudo-radial, compression followed by shear and shear followed by compression) in the composites with strong and weak interfaces. This result was attributed to the fact that the dominant failure mechanism in each material was the same in transverse compression and in shear. Failure is also controlled by the same mechanisms under a combination of both stresses and the failure locus depended mainly on the magnitude of the stresses that trigger fracture rather than in the loading path to reach the critical condition.
Introduction
Predicting the failure of materials is one of the oldest problems in engineering and one of the least perfectly solved. This issue is particularly critical in fiber-reinforced composites (FRC), which tend to fail catastrophically and by different mechanisms that depend on stress state and loading conditions (static, fatigue, impact). As a result, the burden is immense in testing the safety of composite structures upon whose integrity human lives depend and there is considerable interest from industry in developing accurate and reliable strategies to predict the critical conditions for failure in structural components made up of FRC (Cox and Yang, 2006) .
The standard approach to design against failure in composite materials was borrowed from the yield surfaces which determine the onset of plastic deformation in metals and it is based on the formulation of failure criteria. They define a closed surface in the stress space and failure occurs when the stress state at a given location is on or outside the surface. Obviously, the coexistence of various physical mechanisms of failure in FRC implied the use of different failure criteria as a function of the dominant stress state, and the failure surface is formed by the intersection of various smooth surfaces, each one representing the critical condition for a given fracture mode. Since the pioneer work of Hashin (1980) , many different failure criteria have been developed based on physically-based phenomenological considerations (Soden et al., 1998; Puck and Schurmann, 2002; Davila et al., 2005) .
Failure criteria predict fracture under complex stress states regardless of the loading path to achieve the critical condition. This assumption is strictly valid if the materials remain elastic prior fracture but this is not usually the case in composites, in which damage in the form of interface decohesion, matrix cracking and plastic deformation as well as interply delamination often take place before fracture. Thus, it is important to find out whether the loading path significantly changes the failure locus in order to test safety, but this is not an easy task in composite materials. For instance, standard methods to determine the properties of structural composites under combined shear and tension/compression (Arcan and Iopescu specimens or tensile and compressive tests of off-axis lamina) are always restricted to proportional loading paths. Different loading paths in tension/compression and shear can be obtained through mechanical testing of thin-walled tubes in an axial/ torsion machine (Swanson and Toombes, 1989; Jelf and Fleck, 1994) but composite tubes are difficult to process without defects, and the accuracy of results is often limited by buckling, splitting and failure at the grips. More accurate results were provided by Kyriakides and co-workers (Vogler and Kyriakides, 1999; Vogler et al., 2000) using a custom biaxial testing machine, who showed that the loading path did not significantly modify the failure envelope in composite lamina subjected to longitudinal or transverse compression and in-plane shear.
The main aim of this investigation was to determine whether the limited evidence of the loading path's negligible influence on the failure locus of composite lamina could be extended to other loading conditions, which cannot be easily reproduced experimentally and to composite materials with very different properties. This was achieved by determining the mechanical behavior of composite lamina until fracture by means of the numerical simulation of a representative volume element (RVE) of the composite microstructure, which explicitly takes into account the fibers, matrix and interfaces. The actual fracture mechanisms experimentally observed in the matrix, fibers and interfaces are included in the simulations through the appropriate constitutive equations. Recent examples of the simulation strategy include the analysis of the tensile deformation of particlereinforced meta-matrix composites (Segurado and LLorca, 2006; LLorca and Segurado, 2004) , the fracture toughness perpendicular to the fibers of Ti/SiC composite panels at ambient and elevated temperature LLorca, 2006, 2007c) or the failure of fiber-reinforced polymer lamina under transverse compression (Gonzalez and LLorca, 2007a) . In addition, complex multiaxial stress states and loading paths (which cannot be obtained experimentally) are available using the appropriate boundary conditions. Thus this approach provides full control of the constituent properties and spatial distribution as well as loading, eliminating many sources of experimental error.
Using this strategy, the failure locus of a composite lamina, made up of 50 vol % of carbon fibers embedded in an epoxy matrix, was determined under transverse compression and out-of-plane shear, a biaxial stress state whose experimental reproduction is highly complex. Results were presented for composite lamina with different failure mechanisms owing to large differences in the interfacial strength, and the effect of the loading path on the failure surface was assessed for each material.
Numerical simulation strategy
The mechanical behavior until fracture of a uniaxially reinforced composite lamina subjected to transverse compression (<r 2 ) and out-of-plane shear stresses perpendicular to the fibers (x 2 3) can be obtained through the numerical analysis of a RVE of the lamina (Fig. 1) . This technique was pioneered by Brockenbrough et al. (1991) , who showed that the fiber shape and spatial distribution (either regular or random) modify the composite response to a large extent. Subsequent investigations focused on the minimum size of the RVE to repro- duce the macroscopic behavior, which turned out to be surprisingly small (Drugan and Willis, 1996; Hine et al., 2002; LLorca, 2002, 2005; . Nowadays it is widely accepted that accurate predictions of the mechanical behavior of particle or fiber-reinforced composites can be obtained through the numerical analysis of RVE containing a few dozen reinforcements (Gonzalez et al., 2004; Borbely et al., 2006; Chawla et al., 2006) , particularly if periodic boundary conditions are enforced to remove the effect of free surfaces.
This strategy was used in this investigation to analyze the loading path's effect on the fracture strength of a composite lamina made up of 50 vol % of circular C fibers embedded in an epoxy matrix. Due to the symmetries of the problem, the RVE was a two-dimensional square of dimensions L 0 x L 0 in the x 2 x 3 plane, perpendicular to the fibers (Fig. 1) , which contained 30 fibers of 5 urn in radius randomly distributed. It was assumed that the lamina microstructure was given by an indefinite translation of this RVE along the x 2 and x 3 axes and, thus, the fiber positions within the RVE kept this periodicity condition. In order to check whether the size of the RVE was large enough to reproduce accurately the macroscopic behavior, simulations were also carried out with RVEs containing 70 fibers instead of 30. The results in terms of the stress-strain curve and the failure mechanisms were equivalent for both sizes of the RVE.
Numerical simulations of the mechanical response of the RVE were carried out using the finite element method. The matrix and the fibers were automatically discretized with 6-node isoparametric modified triangles (CPE6M in Abaqus/Standard: Abaqus, 2006 ) with integration at three Gauss points and hourglass control. In addition, 4-node isoparametric interface cohesive elements (COH2D4 in Abaqus, 2006) were inserted along the fiber/matrix interface in each fiber to include the effect of interface decohesion. Finite element discretization was fine enough throughout the RVE to resolve the plastic shear bands in the matrix during deformation and comprised around 26,000 elements and 73,000 nodes. In particular, over 100 linear cohesive elements were inserted at the interface between each fiber and the surrounding matrix, leading to an average length for the cohesive elements of 0.8 urn.
Periodic boundary conditions were applied to the edges of the RVE to ensure continuity between neighboring RVEs (which deform like jigsaw puzzles). The periodic boundary conditions can be expressed in terms of the displacement vectors U 2 and £/ 3 which relate the displacements between opposite edges according to
(1)
Transverse compression and shear were applied over the RVE by imposing normal (-<5 C ) and shear (8 S ) displacements on the boundaries of the RVE through U 2 . The components of £/ 3 = (u 2 , w 3 ) were determined from the conditions that the average normal traction perpendicular to the compression axis should be 0, and from the condition of static equilibrium (the total moment induced by the shear stresses acting on the boundaries should be zero). The compressive (e 2 ) and shear (y 23 ) strains were given by ln{l -S c /L 0 } and avctan{SJ(L 0 -S c )}, respectively. The corresponding normal (<r 2 ) and shear (x 23 ) stresses were computed from the resultant normal and tangential forces acting on the edges divided by the actual cross-section Q as ff 2 = -/ t"dx 2 and x 23 = -/ ^dx 2 (3)
The mechanical response of the RVE until failure was computed using three different loading paths. The first one was a pseudo-radial path in which normal and tangential displacements were increased proportionally according to U 2 = (-S c , S s ). In the second one, the RVE was subjected to uniaxal compression until a prescribed compressive stress. The compressive force acting on the RVE was then held constant and the specimen was loaded in shear until failure. The third loading path began by deforming the RVE in simple shear up to a given value of the shear stress. The shear force applied in the RVE was then held constant while uniaxial compression was applied over the RVE until failure.
Simulations were carried out with Abaqus/Standard (Abaqus, 2006) under plane strain conditions and within the framework of the finite deformations theory with the initial unstressed state as reference. Carbon fibers were modeled as linear, thermo-elastic and isotropic solids and their elastic constants (perpendicular to the fiber axis) are given in Table 1 . The epoxy matrix was assumed to behave as an isotropic, elasto-plastic solid and the elastic constants are also given in Table 1 . Plastic deformation was governed by the Mohr-Coulomb criterion and the total matrix strain was given by the addition of the elastic and plastic strain components. The Mohr-Coulomb criterion assumes that yielding takes place when the shear stress acting on a specific plane, z t , reaches a critical value, which depends on the normal stress a n acting on that plane. This can be expressed as
where c and </ > stand, respectively, for the cohesion and the friction angle, two materials parameters which control the plastic behavior of the material. Physically, cohesion c represents the yield stress under pure shear while the friction angle takes into account the effect of hydrostatic stresses. <f> -0 reduces the Mohr-Coulomb model to the pressure-independent Tresca model while <f> -90° leads to "tension cut-off' Rankine model. The value of both parameters for an epoxy can be assessed from the strength (a mc ) and the orientation of the fracture surface (a) in uniaxial compression tests. They are given by cos (b a mc = 2c-?--and a = 45° + <j>/2 (5) 1 -sin <p where a is the angle of the fracture surface with plane perpendicular to the loading axis. Typically 50° < a < 60° in epoxy matrices (Puck and Schurmann, 2002; Pinho et al., 2006; Aragones, 2007) and thus <f> -15° is a reasonable value (Gonzalez and LLorca, 2007b) . Assuming that the matrix compressive strength was 150 MPa (Soden et al., 1998) , the cohesion c is found to be 57.5 MPa.
The yield surface of the Mohr-Coulomb model, written in terms of the maximum and minimum principal stresses (oj and <T in ), is given by Table 1 Elastic constants of the carbon fibers and of the epoxy matrix Soden et al. (1998). and it was assumed that c and <j> were constant and independent of the accumulated plastic strain. A non-associative flow rule was used to compute the directions of plastic flow in the stress space and the corresponding potential flow G was expressed as 4(l-e 2 )cos 2 6> + (2e-l) 2 3-sin^ ~ 2(1 -e 2 ) cos0 + (2e -1)^4(1 -e 2 ) cos 2 0 + 5e 2 -4e 6cos<£
in which e -(3 -sin</>)/(3 + sin</>) and 0 is obtained from
where J 2 and / 3 are, respectively, the second and the third invariants of the deviatoric stress tensor. More details about the numerical implementation of the Mohr-Coulomb model can be found in Abaqus (1998) and Menetrey and Willam (1995) . Finally, interface decohesion was included in the simulations through a cohesive crack model which dictates the fracture of the elements inserted at the fiber/matrix interface. The mechanical behavior of these elements was expressed in terms of a traction-separation law which relates the displacement jump across the interface with the traction vector acting upon it. The interface elements initially provide a linear, stiff response which ensures displacement continuity at the interface. The onset of damage is dictated by a maximum stress criterion expressed mathematically as max{M,!} = , (9) in which () stand for the Macaulay brackets, which return the argument if positive and zero otherwise, to impede the development of damage when the interface is under compression, and N and S are the normal and tangential interfacial strengths which, for simplicity were assumed to be equal (N-S) .
Once the damage begins, the stress transferred through the crack is reduced depending on the interface damage parameter d, which evolves from 0 (in the absence of damage) to 1 (no stresses transmitted across the interface) following a linear traction-separation law. In addition, the energy necessary to completely break the interface is always equal to r, the interface fracture energy, regardless of the loading path. It has been shown previously that the compressive strength of fiber-reinforced composites is very sensitive to interface strength but not to interface toughness (Gonzalez and LLorca, 2007a) . Thus, results for two different materials are presented below, the first with a strong interface (N -S -c) and the second with a weak one (N -S -0.25c). In both cases, the interface fracture energy was 100 J/m 2 , a reasonable magnitude for C/ epoxy interfaces according to available experimental data (Zhou et al., 2001) . More details about the numerical implementation of the Mohr-Coulomb and cohesive crack models can be found in a previous investigation (Gonzalez and LLorca, 2007a) . It was checked at the end of the simulations that the cohesive cracks at the interface were much longer (at least 5-10 times) than the length of the linear cohesive elements.
Results

Basic deformation failure mechanisms
Mechanical behavior under either uniaxial compression or out-of-plane shear was analyzed first to establish the dominant deformation and failure mechanisms in each case. These will provide fundamental information to support the discussion on the loading path's influence in the subsections below. The corresponding <r 2 -e 2 and T23-723 curves for the composite lamina with strong (N -S-c) and weak (N -S-0.25c) interfaces are plotted in Fig. 2 . These curves were obtained with the RVE which was later used in the biaxial simulations. It should be noted, however, that additional simulations were carried out with another three fiber realizations and the standard deviation of the maximum stress was very small: around 1-2%.
The composites loaded in uniaxial compression presented a well-defined maximum in stress at compressive strains in the range -2% to -3%, while the stress-strain curve in shear presented a wide plateau and the max- imum was attained at higher shear strains. The contour plot of the accumulated plastic strain in the epoxy matrix is shown in Figs. 4a and b for the composite with a strong interface subjected to uniaxial compression and shear, respectively. Failure took place in both cases by the development of two sets of plastic shear bands in the matrix, whose orientation with respect to the loading axis approximately followed the predictions of the Mohr-Coulomb model for the unreinforced matrix. They were oriented at «45° + <f>/2 with the direction perpendicular to the loading axis in compression (Fig. 3a) and at «</>/2 with the shear stresses in the case of shear (Fig. 3b) . These results are in agreement with the shape of the stress-strain curves for the composites with a strong interface in Fig. 2 . The elastic region was followed by a non-linear zone due to the development of plastic deformation in the matrix, which localized in shear bands and controlled the maximum strength of the lamina which was very close to the theoretical strength of the matrix (150 MPa in compression and c -57.55 MPa Fig. 3 . Contour plot of the accumulated plastic strain in the composite with a strong interface subjected to: (a) uniaxial compression in the horizontal direction. e 2 = -3.8%. (b) Out-of-plane shear deformation. y 2 3 = 5.6%. in shear). Interface decohesion only played a minor role in the fracture process in this case and promoted the final localization of damage along a shear band, whose precise orientation depended on the details of the fiber spatial distribution, which did not always grow along the theoretical angle.
Conversely, failure in the composites with a weak interface was controlled by the formation of interface cracks very early during deformation, which led to the departure from the elastic slope in the stress-strain curves in Fig. 2 . These interface crack grew upon loading and final fracture took place by the formation of intense deformation bands formed by the linkup of adjacent interface cracks, as shown in Figs. 4a and b for the composites tested in uniaxial compression and shear, respectively. Compressive and shear strength in these cases were significantly lower than the theoretical values for the matrix as they were controlled by the weak interfaces.
Effect of loading path under matrix-dominated failure
The effect of the loading path on the failure surfaces was first studied in composite lamina with a strong interface, in which failure was controlled by the plastic deformation of the matrix. The results of the simulation using the three different loading paths described above are plotted in Fig. 5 in the 02-T23 stress space. Normal and tangential stresses increased proportionally during elastic deformation upon pseudo-radial deformation (Fig. 5a ). This proportionally disappeared with the onset of plastic deformation in the matrix, which led to the appearance of a maximum in the shear stress, while the compressive stress increased. A maximum in the compressive stresses was only captured in the simulations in which the 8J8 S ^ -1. From the shape of these curves, it was established that the failure locus was given by the magnitude of the normal and shear stresses when the maximum in shear was attained. Analysis of the strain field showed that a plastic shear band has propagated throughout the RVE at this point.
In the second loading path, the composite lamina was loaded in uniaxial compression up to -20, -40, -60, -80, ..., -140 MPa and then deformed in shear while the total compressive force acting on the RVE was held constant. The corresponding stress path is plotted in Fig. 5b , which shows a maximum in the shear stress whose magnitude depended on the previously applied compressive stress. The corresponding failure locus was given by the normal and shear stresses at this maximum. Finally, the third loading path started with the application of shear deformation up to 5, 15, 25,... ,55 MPa followed by uniaxial compression while the total shear forces remained constant. The stress paths in Fig. 5c presented a maximum in the compressive stress, which provided the corresponding failure locus for this type of loading. The failure locus for each loading path can be obtained by plotting in the <T 2 -T23 stress space points corresponding to failure in Fig. 5 . They are represented in Fig. 6 , which shows that the loading path has a negligible influence on the failure locus. This result was somehow unexpected because failure occurs after significant plastic deformation of the matrix and, to a lesser extent, interface decohesion and both processes are inherently path dependent. Nevertheless, the numerical simulations under transverse compression and out-of-plane shear confirm previous experimental results in composite subjected to longitudinal or transverse compression and in-plane shear (Vogler and Kyriakides, 1999; Vogler et al., 2000) , which did not detect any significant influence of the loading path in the failure locus. This behavior can be explained because the failure mechanisms depend on the magnitude of the normal and shear stresses and not on path followed to attain these stresses. This is shown at point (A) in Fig. 6 in which the fracture points corresponding to the three different loading paths simulated are practically superposed. The contour plots of the accumulated plastic strain at failure for the two extreme cases (shear deformation up to 25 MPa followed by uniaxial compression until failure and uniaxial compression up to -140 MPa followed by shear until fracture) are plotted in Fig. 7 . Both plots are practically identical and the contour plot corresponding to the pseudo-radial loading path (which is not included for sake of brevity) cannot be distinguished from them. Compressive stress, o 2 (MPa) Fig. 6 . Failure locus of the lamina subjected to transverse compression and out-of-plane shear in a composite lamina with a strong interface. Results from three loading paths are plotted. Fig. 7 . Contour plot of the accumulated plastic strain in the composite with a strong interface at failure point (A) in Fig. 6 for two different loading paths, (a) Shear deformation up to 25 MPa followed by uniaxial compression until failure, (b) Uniaxial compression up to -140 MPa followed by shear until fracture.
Effect of loading path under interface-dominated failure
The three loadings described above were also applied to a composite lamina with a weak fiber/matrix interface (N -S -0.25c), and the results of the simulations are plotted in Fig. 8 in the 02-T23 stress space. The general features of the curves are similar to those depicted in Fig. 5 for the composites with a strong interface, although the early decohesion led to a significant reduction in the stresses at failure and to marked non-linearities from very early stages of deformation. Moreover, the failure point was very well-defined for practically all the loadings paths. In the case of pseudo-radial loading, the first maximum was always found in the shear stress, but it was followed very closely by maximum in the compressive stress. In the two other loading paths, the maximum in shear (Fig. 8b) or compression (Fig. 8c) was sharp, pointing to the formation of the failure surface throughout the RVE just after the maximum was attained.
The failure locus for each loading path was obtained by plotting in the 02-T23 stress space points corresponding to failure in Fig. 8 . They are shown in Fig. 9 , which shows slight differences in the failure points corresponding to different loading paths, although the overall picture is quite similar to that found in composite with a strong interface, and it can be concluded that the loading path has a negligible influence on the failure locus in the case of interface-dominated failure. It should be noted, however, that this failure surface is significantly different from that computed for the composite with a strong interface (Fig. 6) . The strength of the composite has been significantly reduced, particularly in shear, and the convexity of the failure surface has increased accordingly.
The negligible influence of the loading path on the failure locus can be traced again to the similarity of the physical failure mechanisms. This is demonstrated in Fig. 10 , which shows the contour plots of the accumulated plastic strain at failure for the two extreme cases (shear deformation up to 15 MPa followed by uniaxial compression until failure and uniaxial compression up to -100 MPa followed by shear until fracture) marked as (B) in Fig. 9 . The failure surfaces are practically identical and the contour plot corresponding to the pseudoradial loading path (which is not included for sake of brevity) is hardly distinguished from them. This is particularly surprising because previous investigations in composite behavior under transverse compression (Gonzalez and LLorca, 2007b) have showed that the actual fracture surface in composites with a weak interface depends on the actual spatial distribution of the fibers in the RVE, as the orientation of the fracture path is controlled by the linkup of interface cracks through the matrix. Nevertheless, very different loading paths do not modify the final fracture surface even though the pattern of interface cracks created initially in shear or Fig. 10 . Contour plot of the accumulated plastic strain in the composite with a weak interface at failure point (B) in Fig. 9 for two different loading paths, (a) Shear deformation up to 15 MPa followed by uniaxial compression until failure, (b) Uniaxial compression up to -100 MPa followed by shear until fracture.
compression depends on whether the material is initially loaded in compression or shear. This implies that the localization of damage occurs very quickly once the stress state approaches the failure surface and it is not dependent on the process to reach that point.
Concluding remarks
The mechanical behavior of a FRC lamina subjected to transverse compression and out-of-plane shear has been simulated using computational micromechanics. This is carried out using finite element simulation of a RVE of the lamina microstructure, which explicitly includes fiber and matrix spatial distribution within the lamina. In addition, the actual failure mechanisms (plastic deformation of the matrix and interface decohesion) are included in the simulations through the corresponding constitutive models. This strategy was applied to assess the effect of the loading path on the failure locus under transverse compression and out-of-plane shear, a biaxial stress state very difficult to reproduce experimentally. The matrix and fiber properties were those of a epoxy/C composite and two different values of the interface strength were selected to explore the limiting cases of composites with strong or weak interface.
Three different loading paths were analyzed for each material. The first one was a pseudo-radial path in which normal and tangential displacements were increased proportionally. The second one began by uniaxal compression until a prescribed compressive stress, followed by shear until failure while the compressive force was held constant. The third loading path began by shear deformation up to a given value of the shear stress, followed by uniaxial compression while the shear force was held constant. It was found that the influence of the loading path on the failure surface was negligible for the materials with strong and weak interfaces. Failure in the former was dominated by the development of plastic shear bands in the matrix and by the development of interface cracks in the latter but the failure mechanisms in each material did not depend on the loading path. This lack of sensitivity by the failure locus to the loading path is very probably due to the fact that the dominant failure mechanism in each material was the same in transverse compression and in shear. Failure is also controlled by the same mechanisms under a combination of both stresses and failure locus depended mainly on the magnitude of the stresses that trigger fracture rather than on the loading path to reach the critical condition. This explanation is in agreement with the experimental results in Vogler and Kyriakides (1999) and Vogler et al. (2000) , which showed that the loading path did not significantly modify the failure envelope in composite lamina subjected to longitudinal compression and in-plane shear or to transverse compression and in-plane shear. Failure in the former took place by the localization of the deformation in a narrow band of highly bent fibers, regardless of the loading path, while failure in the latter was controlled by matrix fracture in shear. Our results provide an explanation for these experimental data and extend their validity to lamina loaded in transverse compression and out-of-plane shear. From a practical viewpoint, these conclusions support the use of failure criteria to assess the fracture of composite structures, as the failure condition is independent of the path, which can be very different in the individual lamina and in the structure.
